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A Two-Particle Model for Rocket Plume Radiation

D. K. Edwards,* Y. Sakurai,{ and D. S. Babikian}
University of California, Irvine, California

A radiation model is proposed for the plumes of solid rocket motors firing into what is essentially a vacuum. The
plume contains cold scattering particles and hot emitting / absorbing particles in overlapping conical clouds; the
half-angle of the hot-particle cloud may be smaller than that of the cold-particle cloud. The clouds have axially
varying radiative properties, with the hot particles imagined to lose emissive power and particle emissivity with
increasing axial distance. Parametric calculations are made using the hybrid Monte Carlo, radiosity /irradiation
technique to show which parameters are critical and how they may be inferred from engineering tests.

Nomenclature

= blackbody emissive power ¢T*, W/m?

= radiant intensity (radiance), W /m’* - sr

= radiosity, W /m’

= extinction coefficient, m™
absorption or scattering coefficient, m™

= number of Monte Carlo rays

= power law exponent

= number of surfaces and volumes

= radiant flux, W /m’

= radial location, m

= slant path, m

= optical depth

= temperature, K

= distance from the apex of the cone along its
surface, m

= angle from conical axis

= emissivity

= polar angle from surface normal

=3.14159...

= Stefan-Boltzmann constant, W/m? - K*

= azimuthal angle from cone generatrix (¢ =0 is
directed downstream)

= albedo for single scatter

= solid angle, sr
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Subscripts

= absorption

= Bobco

= cold particles

= exit reference condition
= hot particles

i, j,k =ith, jth, or kth zone
mp = melting point

= end of the line of sight
r = receiver

s = scattering

t = thermal black body emission
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Superscripts
O~ = outgoing
- = incoming
(), ()" = variable of integration

Introduction

HE Bobco engineering model for calculating plume radia-

tion to aft-end equipment' has been employed in the
aerospace industry for the past 18 years. In this model, as
shown in Fig. 1, half-angle B, exit radius R, and the parame-
ters exit plane radiosity J, (in W/m?) and radiosity decay
exponent n, must be specified. Thermal radiation to aft-end
equipment is then calculated as if the plume were a perfectly
diffuse solid wall. This simplicity facilitates fitting the model
to the experimental data, and the ease of the numerical
calculations required permits wide-ranging engineering studies
to be made at low expense in computer time.

Concerns that the user of the model may have®* are ques-
tions about the accuracy inherent in the assumption of per-
fectly diffuse radiant intensity I (plume radiosity per unit
solid angle). It is granted that some angular variation in plume
intensity can be accommodated in the decay exponent n,. As
lines of sight from an aft-end receiver move down the plume,
angular intensity variation can appear as axial variation in
diffuse radiosity. However, in an engineering model, one would
prefer not to adjust J, and n, to accommodate different
aft-end receiver locations; also azimuthal and polar angular
variations of the plume intensity are a concern.

Despite these concerns, it is not easy to substitute an
alternative to the Bobco model. Progress has been made
toward developing exact calculations of plume radiation based
upon detailed knowledge of particle optics, radiation transfer
theory, and multiphase gas and particle dynamics; e.g., see
Refs. 4-12. However, the phenomena occurring in solid rocket
motor (SRM) plumes are complex. Molten liquid-oxide par-
ticles may have dissolved impurities in a suboxidized state.
After primary combustion and agglomeration in the engine
chamber and nozzle inlet, particles may be breaking up in the
expansion cone and undergoing further chemical reactions.
Phase change with zone refining within the particles occurs as
they cool in the expanding plume gases. Thus, the particle
sizes, compositions, temperatures, and structures are changing
in the plume, as do their unknown optical properties.

In this paper, there is proposed a model based upon a
conical cloud with critical axially varying properties. Sensitiv-
ity studies are presented to show that rather arbitrary assign-
ment of all but two of the parameters can be made. Fast-run-
ning radiation line-of-sight calculations can be made with the
model by fitting the scattering source functions for a number
of conically annular zones with power law axial decay after
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having determined them via the hybrid Monte Carlo matrix
inversion technique.!® The conical cloud model is examined to
discover departures from the simpler Bobco model and to
explore the conditions under which these departures have
engineering significance. Discussion is presented on how ex-
perimental measurements may be used to specify the parame-
ters of the conical cloud model.

Physical Features to be Modeled

Heat radiation is emitted by hot particles as a continuum
spectrum and by gases as vibration/rotation band spectra.
The lines in the bands have a spectral width governed by
collisional and Doppler broadening; these processes are en-
hanced by high pressure and high temperature. The bands
have a spectral breadth governed by rotational excitation and
their spectral locations are fixed by the vibrational energy
level differences. In the plume of an SRM used for injection
and thus firing into essentially a vacuum, the gases and small
fine particles in them are cold relative to the original combus-
tion chamber temperature. It is the large particles that, by
virtue of their thermal mass, stay hottest for the longest times
and distances in the plume. The large particles are both
accelerated and cooled less rapidly than the small ones by the
expanding gases in the thrust cone and beyond. Because the
large particles move more slowly than the gases and fine
particles, they are broken up and their numbers depleted.
Upon breakup, the resulting fragments possess more radiative
cross section. After perhaps a brief interval following breakup
when some chemical heat liberation may occur, the fragments
are certainly cooled by the surrounding cold gas, but the
release of the latent heat of fusion holds the larger fragments
at the melting point for some time and distance in the plume.

Not only do the hot particles have a much higher 67* than
the cold fine particles; they have a much higher particle
emissivity €, = (1 — ;). Upon freezing completely, the finer
particles are scattering, but only very weakly absorbing. Con-
sequently, the emission from a vacuum-firing SRM is
dominated by hot-particle radiation scattered by the sur-
rounding cold particles.

An Engineering Model

An engineering model is necessarily a compromise between
simplicity /utility and realism. The following model is pro-
posed: hot particles have isotropic absorbing and scattering
properties fixed by absorption coefficient K, and scattering
coefficient K,,. Cold particles have similar coefficients K|,
and K. The total extinction coefficient is K, where

K=Kh+KC=Ke(ze/z)2 (1)
2

Kh=Kha+Khs=Khe(Ze/Z) (2)

Kc=Kcu+Kcs=Kce(Ze/z)2 (3)

where subscript e denotes the exit condition and z the
distance from the apex of the cone measured along the surface
of the cone. Extinction coefficient X is assumed to be uniform
across the cone.

The cold particles are assumed to have albedo w, =1, where
albedo w= K /K. The hot particles have an “emissivity”
varying in a Bobco-like power law manner

€, =1-w,=¢,(z,/2)" (4)
where ¢, = K,,,/K,,. Here “particle emissivity” is used in the

sense of Ref. 14. Moreover, the hot particles may be cooling in
temperature as well. Provision is made by proposing

B,=oT; =B,(z./2)" (%)
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Finally, it is proposed that the hot particles may be con-
fined to an inner core of half angle B,. As described in the
previous section, the hot particles are either large or the recent
offspring of large hot parents and are still in the same neigh-
borhood. The large particles tend to be confined to a central
core because of their greater inertia against expansion in the
nozzle cone.

Note that the surface radiosity of an infinite cylinder of
radius R with a hot core of radius R, under emitting thin
conditions K,,R, <1 is

J=2R,(1-w,)K,B,R,/R (6)

Applying this relation to a conical plume, one expects ap-
proximately

J= 2( Ri/R) EheKheBe(Ze/Z)nh+'ll+2

or
J=2(R%./R,) ¢, K, B.(2,/2)"" """ (7N

Accordingly, as definitions, one takes

n,=n,+n,+1 (8)
ee = 2( Rie/Re) ehe[<he (9)
JezieBe (10)

[Recall from Eq. (5) that B, denotes o7, at the exit plane.]
Here, n,, is the familiar Bobco decay exponent and J, the exit
emissivity of the plume. For convenience, the optical depth
may be defined as

t,=2R,K, (11)

In summary, the specification of the following parameters
defines the plume model just described:

n,, = axial decay exponent, Eq. (8)
¢, = plume emissivity, Eq. (9)
J, = plume radiosity, Eq. (10)
t, = plume optical depth, Eq. (11)
€,, = hot particle emissivity, Eq. (4)
n, = source decay exponent, Eq. (5)
B = cone half angle
B, = hot zone half angle
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Fig. 1 Bobco plume model.
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These specifications are sufficient to define the values of K
(K., =0), K, K,,, and B and how they vary with distance
z. In what follows, it will be shown that n,, J,, and B are of
prime importance, as one would expect from the success of
the Bobco model, and that the rather arbitrary assignment of
the remaining parameters has little consequence when ¢, is
sufficiently large. However, the results show conditions under
which departures from the Bobco model may be expected and
the forms that these departures take.

Use of the Model

The model may be executed using the hybrid Monte Carlo
radiosity-irradiation formulation'’> summarized in the Ap-
pendix. In this formulation, the plume is divided into a
number of zones as shown in Fig. 2. Making use of only the
plume half-angle 8, the zonal geometry, the optical depth ¢,
and Eq. (1), one finds volume-to-volume shape factors. It is
emphasized that in the calculations only straight-line paths are
traced; no random-walk ray tracings are made. Consequently,
the computation proceeds rapidly on even a small computer.
Once the “shape factors” are computed and stored, wide-
ranging parametric calculations can be made extremely rapidly.
Making use of the shape factors, one finds the “particle
radiosity” defined by the source terms in the equation of
transfer

dr KaB 1 47
H;=—K1+¢W—h+(w,,1<,,+wc1<c)nfo 1de (12)

These terms (multiplied by ) are the particle radiosity ¢,
+ 1 47
q =K,,uB,,+(thh+chc)Z; I14Q (13)
0

where d@ denotes differential solid angle, sinf df d¢ in the
polar coordinates; see for example, Refs. 15 and 16.

Once ¢* is known as a function of z in the plume, Eq. (12)
may be integrated readily. For the intensity of the irradiation

Table 1 Effect of axial decay
(t,=4,¢,=01,n,=0,¢,,=1, =B, =20deg)
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emerging from the plume, one has from Eq. (12)
t ’
ﬂI“=7rIoe"+/e7’q+(t’) dv (14)
0

where ¢’ is the optical depth along a line of sight of slant path

s/,

v = fo Kds” (15)

and ¢ is the total optical depth passing through the plume to
either space or a hard body such as the thrust cone. In the
calculations that follow, the hard-body intensity I, was con-
sidered negligible. In integrating Eqgs. (14) and (15), the vari-
ation with z indicated by Eq. (1) is taken into account. In the
final integration of Eq. (14), the zonal values of particle
radiosity are interpolated logarithmically in the z direction
and linearly in the R direction.

To determine the irradiation ¢~ upon aft-end equipment,
one integrates the intensity in the usual way,'?

q =f2wl‘cos0rdﬂ (16)
0

where 6, is the angle of incidence from the receiver surface
normal.

Results and Discussion

The results are arranged so to examine the effects of the
variation of each parameter. Table 1 shows the results of
varying n,, the Bobco axial decay exponent. Of particular
interest in Table 1a is the particle radiosity of zone 20 at the
exit of the thrust cone as shown in Fig. 2. As n, increases
from 1 to 3 the particle radiosity increases only 8%, presum-
ably due to “searchlight effect,” that is, the diffusion of
radiation from the hotter, denser, and more emissive portions

Table 2 Effect of particle temperature decay
instead of particle emissivity decay
(t,=4,¢,=01,n,=2,¢,., =1, =B, =20 deg)

a) Upon zonal particle radiosities

a) Upon zonal particle radiosities

Zone no., Particle radiosity, g; /B, Zone no., Particle radiosity, g, /B,
k np=1 ny =" n,=3 k n,=0 n,= 0.5 n,=
13 0.202 0.274 0.367 13 0.274 0.300 0.330
14 0.172 0.233 0.316 14 0.233 0.252 0.276
15 0.140 0.193 0.264 15 0.193 0.206 0.224
16 0.100 0.139 0.193 16 0.139 0.148 0.158
17 0.132 0.136 0.147 17 0.136 0.139 0.143
18 0.116 0.118 0.127 18 0.118 0.121 0.124
19 0.099 0.101 0.108 19 0.101 0.103 0.106
20 0.077 0.078 0.083 20 0.078 0.080 0.081
21 0.089 0.064 0.050 21 0.064 0.064 0.064
22 0.082 0.058 0.045 22 0.058 0.058 0.058
23 0.072 0.051 0.039 23 0.051 0.051 0.051
24 0.059 0.042 0.031 24 0.042 0.042 0.042
b) Upon aft-end irradiation b) Upon aft-end irradiation
Radial Axial Irradiation upon receiver Radial Axial Irradiation upon receiver
location, location, (g, /B,) X100 location, location, (g, /B,) X100
R/R, z/z, n,=1 n,=2 n,=73 R/R, z/z, n,=0 n,=05 H, =
2 0 0.467 0.294 0.215 2 0 0.294 0.294 0.295
0.5 0.956 0.646 0.501 0.5 0.646 0.649 0.652
1.0 1.997 1.363 1.056 1.0 1.363 1.368 1.374
3 0 0.546 0.334 0.240 3 0 0.334 0.335 0.336
0.5 0.907 0.572 0.421 0.5 0.572 0.574 0.575
1.0 0.121 0.707 0.480 1.0 0.707 0.707 0.707
4 0 0.517 0.305 0.213 4 0 0.305 0.305 0.305
0.5 0.716 0.420 0.292 0.5 0.420 0.421 0.421
1.0 0.814 0.430 0.267 1.0 0.430 0.430 0.429
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Table 3 Effect of exit emissivity
(t,=4,n,=2,n,=0,¢,,=1, =B, =20 deg)

J. THERMOPHYSICS

Table 4 Effect of optical depth
(ee = 0'19 ny= 29 n= 0’ €en = 15 B = Bh =20 deg)

a) Upon zonal particle radiosities

a) Upon zonal particle radiosities

Zone no., Particle radiosity, ¢; /B, Zone no., Particle radiosity, ¢; /B,
k €, =01 e, =02 €, =03 k t,=4 t,=2 t,=1
13 0.274 0.437 0.522 13 0.274 0.257 0.291
14 0.233 0.381 0.489 14 0.233 0.230 0.273
15 0.193 0.321 0.418 15 0.193 0.204 0.257
16 0.139 0.238 0.318 16 0.139 0.167 0.230
17 0.136 0.239 0.325 17 0.136 0.136 0.170
18 0.118 0.211 0.289 18 0.118 0.125 0.163
19 0.101 0.182 0.252 19 0.101 0.114 0.156
20 0.078 0.143 0.200 20 0.078 0.099 0.144
21 0.064 0.121 0.172 21 0.064 0.072 0.100
22 0.058 0.110 0.158 22 0.058 0.068 0.098
23 0.051 0.097 0.139 23 0.051 0.063 0.094
24 0.042 0.079 0.115 24 0.042 0.056 0.089
b) Upon aft-end irradiation b) Upon aft-end irradiation
Radial Axial Irradiation upon receiver Radial Axial Irradiation upon receiver
location, location, (g, /B,) x 100 location, location, (g, /B.) X 100
R/R, z/z, €, =01 €, =02 €,=03 R/R, z/z, t,=4 t,=2 t,=1
2 0 0.294 0.559 0.804 2 0 0.294 0.287 0.284
0.5 0.646 1.222 1.749 0.5 0.646 0.626 0.617
1.0 1.363 2573 3.679 1.0 1.363 1.299 1.254
3 0 0.334 0.636 0.916 3 0 0.334 0.322 0.316
0.5 0.572 1.085 1.559 0.5 0.572 0.545 0.529
1.0 0.707 1.351 1.952 1.0 0.707 0.668 0.642
4 0 0.305 0.581 0.837 4 0 0.305 0.290 0.282
0.5 0.420 0.801 1.154 0.5 0.420 0.397 0.382
1.0 0.430 0.405 0.387

1.0 0.430 0.828 1.203

AFT-FACING
I/RECEIVER

22 23 24

Fig. 2 Plume model geometry (solid lines show zone boundaries and
dashed lines pass through zone centroids; zones are numbered).

¢ /—g\.

INTENSITY , I/lpe
~

Fig. 3 Directional variation of plume intensity, 7, = 1.0 (azimuthal
angles 8 = 0-90 deg are on the right of the polar plot for the intensity
directed downstream, azimuthal angles 8 = 90-180 deg on the left for
the intensity directed upstream; the polar plot shows I /1, ,==«l/B,,
n,=2,¢,=01, n,=0, =0, =20 deg).

(o] .05 10 15 .20
INTENSITY |, 1/l

Fig. 4 Directional variation of plume intensity, ¢, = 2.0 (see explana-
tory note on Fig. 3).

of the plume to the cooler portions. The irradiation upon an
aft-facing receiver is, of course, strongly influenced. Table 1b
shows the value to fall from 0.00467 to 0.00215 for a far-for-
ward location. (Note that the table values are times 100.)

Table 2 shows the effect of varying n, at constant n,.
Again, attention is directed to zone 20. Only a 4% change is
seen. Since n, is constant, there is little change seen in Table
2b. This null result is very significant. It suggests that there
should be no concern about getting correct values for both €,
and B, and for both n, and n,. Doing so poses an extremely
difficult task. But it is necessary only to get their product and
n, correct from easy experimental measurements. Two radi-
ometers, one looking in the vicinity of z, and the other at, say,
2z,, will serve to fix both J, and n,.

Supertficially, Table 3 might suggest that €, is a large factor
—and so it is at constant B,. But, if one examines Table 3b
dividing the first column by 0.1, the second by 0.2, and the
third by 0.3 (that is, to express the results as g, /J,), one sees
only a small effect. Table 3a, zone 20, shows a /1 —w,
variation as expected; see, e.g., Refs. 7 and 17.
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Fig. 5 Directional variation of plume intensity, ¢, = 4.0 (see explana-
tory note on Fig. 3).
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Fig. 6 Directional variation of plume intensity at a downstream
location, ¢, = 2.0 (see explanatory note on Fig. 3).

The data in Table 4a show the expected increase when the
optical depth drops to unity at constant €., while that in
Table 4b do not show much effect. However, a dramatic effect
is seen in Figs. 3-5. The intensity viewed when looking into
the thrust cone departs greatly from the diffuse Bobco model.
It is remarkable, however, how little the forward-directed
intensity varies as the optical depth is decreased and how little
azimuthal variation there is. Only at polar angles of 70 deg or
more and at the low optical depths does the variation with the
azimuthal angle ¢ become large. The reason for this insensi-
tivity to ¢ is that less axial decay in the source function is
seen as ¢ is rotated to 90 deg, thus, in part, offsetting the loss
of optical depth for the shorter paths through the plume.

There is evident in the forward direction a significant varia-
tion with polar angle. In Fig. 3, for ¢,=4 at 0=0, the
intensity is #/~ /B, = 0.10 in keeping with the ¢, = 0.1 emis-
sivity value. At an angle of 6 = 60 deg, the value is 0.07, and it
falls to 0.06 at 75 deg. It had been recommended? to assume
that the intensity falls as (1 + cosf)/2, based upon the
Chandrasekhar H functions,!” but the variation observed in
Fig. 3 exceeds that, presumably due to the axial decay in the
source function. The effect of low ¢, is more evident at higher
values of z, as indicated in Fig, 6.

Table 5a shows little variation of particle radiosity with
varying plume half-angle at constant ¢, and €,. This lack of
variation is expected, because the plume optics should be
largely determined by the optical depth and albedo, despite
the axial variations. This insensitivity does not carry over to
the irradiation values because the solid angle subtended by the
plume is increased in Eq. (16). Thus, at receiver locations far
forward, the flux received is sensitive to plume angle.

The effect of ¢, is negligibly small as long as €, is low and
t, large. The scattering contributed by the hot particles cannot

0 .05 .10 15 .20
INTENSITY |, 111,

Fig. 7 Effect of radial source variation on plume intensity (¢, = 4.0,
n,=2¢,=01n,=0).

Table 5 Effect of cone angle
(t,=4,¢,=01,n,=2,n,=0,¢,=18,=B)

a) Upon zonal particle radiosities

Zone no., Particle radiosity, g; /B,
k ‘B=15deg B =120deg B=125deg
13 0.274 0.274 0.273
14 0.234 0.233 0.233
15 0.192 0.193 0.193
16 0.139 0.139 0.139
17 0.135 0.136 0.136
18 0.118 0.118 0.119
19 0.101 0.101 0.102
20 0.078 0.078 0.078
21 0.064 0.064 0.065
22 0.058 0.058 0.059
23 0.051 0.051 0.051
24 0.041 0.042 0.042
b) Upon aft-end irradiation
Radial Axial Irradiation upon receiver
location, location, (g, /B.) X100
R/R, z/z, B=15deg B =720 deg B=125deg
2 0 0.186 0.294 0.408
0.5 0.456 0.646 0.806
1.0 1.392 1.363 1.341
3 0 0.237 0.334 0.412
0.5 0.491 0.572 0.608
1.0 0.758 0.707 0.666
4 0 0.245 0.305 0.336
05 0.410 0.420 0.409
1.0 0.481 0.430 0.390

be distinguished from that of the cold particles in a model
that postulates uniform dispersion over B. However, even
when the hot particles are confined to the inner zones, there is
little effect to be seen at fixed low €, and large ¢,. When one
considers spectral (wavelength) variation, one should note that
as wavelength is increased, scattering and thus total optical
depth ¢, fall rapidly. Thus the insensitivity of aft-end
equipment heating to details of the plume flow would not
carry over to infrared diagnostics.

Figure 7 shows the effect of B, being less than B. The
parameters correspond to those of the ¢ =90 deg curve of
Fig. 5. Shown in Fig. 7 are four curves corresponding to
B, =120, 17.3, 141, and 10 deg. These values were chosen to
correspond to 1.0, 0.75, 0.50, and 0.25 of the volume of the
plume. As the volume containing hot particles is reduced to
0.25, the radiant intensity at angles larger than 45 deg from
the conical plume surface normal falls by 35% and the normal
intensity rises by 12%. For the same parameters, at a z station
twice as large, the elongation of the lobe in the normal
direction becomes considerably greater, rising by 41% rather
than 12%. It is suggested that ¢ =90 deg ground test data
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Fig. 8 Directional variation of plume intensity with hot inner core
(t,=4.0,n,=2,¢,=01, n,=0).

variations with 8 can be used as a guide for deciding upon a
value of 8.

Figure 8 shows the polar and azimuthal diagram corre-
sponding to the conditions of Fig. 5, but with 8, =10 deg.
For an azimuth ¢ =0 deg in a plane containing the plume
axis, beyond 6 = 35 deg, the radiant intensity for B, = 10 deg
falls below that for 8, =20 deg. For example, at 6 = 60 deg,
the ratio is about 0.75. At more normal angles, the reverse is
true. At 8 = 0 deg, the value for 8, = 10 deg is 12% above that
for B, =20 deg, as already noted. These variations can be
compared to flight test data to confirm a value of 8,.

In view of the parametric studies presented here, one would
believe that critical engineering data for a given SRM would
include 1) a measurement of plume intensity at two axial
locations to fix J, and n,, 2) a measurement of plume
intensity looking up into the thrust cone to determine whether
or not ¢, is large, 3) measured values of radiant intensity
versus polar angle at a fixed axial station for a convenient
azimuth to help fix B,, and 4) a measurement of hemispheri-
cal irradiation at a far forward receiver location to help fix B.
These measurements leave unresolved the values of €, and B,
separately, but they are seen here to be of little consequence.
For high expansion ratio “cold” motors (with low values of
J.), the value of B, is probably that for the melting point 7;,,
of the metal oxides, B,=oT,, and ¢, is of order 0.1. For low
expansion “hot” motors (with large values of J. ), both values
are considerably higher; perhaps, the geometric mean of the
chamber temperature and melting point can be used to fix
arbitrarily B, and ¢, can be adjusted to agree with the
measured value of J,. Again, how much of n, is to be
associated with n, and how much with n, is a question
difficult to resolve experimentally, but one with little conse-
quence upon aft-end heating. Accordingly, it is suggested that
for high-expansion cold motors n, = 0 be used in keeping with
the idea that B, is constant at 672 | while for low-expansion
hot motors n, and n, can be taken as equal and found from
n, via Eq. (8).

Conclusion

The results of this parametric study suggest that the Bobco
engineering model for calculating plume radiation to aft-end
equipment can continue to be used with some confidence with
the proviso that, under scattering-thick /emitting-thin condi-
tions, the plume surface emissivity should be taken to vary
with angle 6. Figures 3-5 illustrate the § variation for ¢, =1,
2, and 4 and n,=2.

For smaller motors with more optically thin plumes, the
model proposed here can be employed more reasonably. The
model! here makes provision for cooling particles losing emis-
sive power through loss of both particle emissivity and
blackbody radiosity and automatically makes provision for
the 6, ¢ variation of the plume intensity. It has been shown
how the critical parameters of the model can be fixed from
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engineering experiments and how other less critical parame-
ters can be set reasonably. By use of the particle radiosity-
irradiation formulation of Ref. 13, calculations based upon
the model can be carried out even on a small computer.

Appendix

The hybrid Monte Carlo matrix-inversion formulation of
radiation heat transfer with volume scattering®® is sum-
marized. First, the standard engineering radiosity-irradiation
formulation'®?! s briefly stated and the standard Monte
Carlo method summarized?*?®; then, starting with the equa-
tion of transfer, it is shown how volume scattering is included.

Radiosity ¢ for a perfectly diffuse surface is  times the
outgoing intensity I;" and is composed of emitted and re-
flected radiation. The emissivity for an opaque surface can be
written as absorptivity (1 — p,) with Kirchhoff’s law. Accord-
ingly, the radiosity equation is

=(1 _pi)Bi+piqi_ (Al)

The irradiation g; is composed of contributions from the
other sources,

4 =2 F_q (A2)
7

where the shape factor F,_; is an integral over the solid angle
subtended by the jth source averaged over the surface of
surface i,

1 1

F=4 f '/;chosﬂ dQd4, (A3)
Here cosf is the projection of a ray from i to j onto the
normal to surface i. It is seen that Egs. (Al) and (A2) are 2N
equations (i=1 to N) in 2N unknowns. Matrix inversion
provides a solution, provided the values of p;, B;, and F,_;
are known.

Shape factor F,_; is found with the Monte Carlo method by
sending forth M “rays” or “photon bundles” from surface i
and finding how many directly strike surface j,

Fy=M/M (a9)

In view of Eq. (A4), the origins of the rays are randomly
selected on surface i in such a way that the density of points
is uniform as M goes to infinity. The cosd d2 product in
polar coordinates is

cosf dQ = cosfsind dfdé (A5)

Accordingly, the appropriate fractional functions to select
angles ¢ and 8§ are

o

focos(i sinf d @

f= 0

2 dé fﬂ/z cosfsinf 48
0

f¢=

¢=2mf,, sinh=f, (A6)
Uniform random selection of f, and f, thus fix values of #
and ¢, fixing each ray to trace. Each time a ray encounters
surface j, the value of M; rises in the computer calculation.

The equation of transfer in a volume havmg extinction
coefficient K and albedo for single scatter w gives the change
in radiant intensity I along slant path s.

For isotropic scattering

dr wK

o = K+ -0)KI- 3 rde (A7)
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A first step to formulate the scattering problem in terms of
radiosity and irradiation is to define “irradiation” within a
small volume numbered i as

_ - 7
P =1rI=Gj(‘) 1dQ (A8)

Then, with B,==l, in the ith volume, the “radiosity” is
defined as

g =al=(1—w)ul + % “ra
T Jo
g =al'=(1-w;)B;+ w4 (A9)

These definitions allow Eq. (A7) to be written as

Kq;
% = —KI+KI = —KI + —°
N v

(A10)
Equation (A10) is now solved for the radiant intensity
received at a point where s is taken to be zero,

I =[BRS () K ds' (A1)
0

Extract from Eq. (All) the contribution of the increment of
path passing through the jth zone. Optical depth ¢ is defined
according to Eq. (15); the path from the origin in zone i to
the entrance zone j is denoted ¢, ,; and that to the exit is
t;_, ». Thus, the contribution is

Ii—j = [j“‘(e—fi—j,l — e—'z‘—,,z)

(A12)
In view of Eqgs. (All) and (A12), Eq. (A8) is written

4 =LE_q (A13)
J

Monte Carlo calculation of the volume shape factors F;_; is
made by choosing a point of origin randomly in volume i.
Because Eq. (A8) has no cosf weighting, the appropriate

value of f; becomes

(2R
. fosmade (- cosd)
? f" sinf df 2
0
cosf=1-2f, (A14)

This relation replaces the corresponding one in Eq. (A6). The
ray is traced, with optical depth along it computed according
to Eq. (15). Contributions to M; are scored according to Eqg.
(Al12) as

A]Wj = linjd — g licj2 (A15)

When an opaque surface is encountered, ¢, is infinite and
the sccond term is Eq. (AlS) is zero.

The hybrid Monte Carlo matrix inversion formulation is
thus clear. Shape factors are Monte Carlo calculated by choos-
ing a point and direction as appropriate for a surface or
volume source, Eq. (A6) or Eq. (Al4). Ray tracing proceeds
according to Eq. (Al5), and Eq. (A4) gives F,_;. The radiosity
equations (Al) or (A9) require the reflectivities to be p; for a
surface and w, for a volume. Note that for the mixture of
particles the effective values are

-2

w=(w,K,+wK)/K (Als)
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(1-w,)K,B,+(1—w,)K_ B,

B= 1-0)K

(A17)

The radiosity equations and the irradiation equations (A2) or
(A13) are solved by a standard matrix inversion to yield the
radiosities, and these enter Eq. (14), allowing a standard
line-of-sight integration to be executed without complication
from the scattering,.
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